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A reformulation of inﬂationary model analyses appeared recently, in which inﬂationary observables are 
determined by the structure of a pole in the inﬂaton kinetic term rather than the shape of the inﬂaton 
potential. We comprehensively study this framework with an arbitrary order of the pole taking into 
account possible additional poles in the kinetic term or in the potential. Depending on the setup, the 
canonical potential becomes the form of hilltop or plateau models, variants of natural inﬂation, power-law 
inﬂation, or monomial/polynomial chaotic inﬂation. We demonstrate attractor behaviors of these models 
and compute corrections from the additional poles to the inﬂationary observables.
© 2016 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
Due to the recent detection of gravitational waves [1], validity 
of General Relativity has been extended to a new frontier [2]. On 
the other hand, evidence of gravitational waves from the inﬂation-
ary period [3–8], which was invented to solve the homogeneity, 
ﬂatness, and monopole puzzles, has yet to be observed. In addi-
tion to the gravitational ﬂuctuation, scalar perturbation is gener-
ated during inﬂation as quantum ﬂuctuation of inﬂaton ﬁeld, and 
it is transferred to curvature perturbation eventually leading to the 
large scale structure of our universe. Its almost scale-invariant, adi-
abatic, and Gaussian features have been well established by cosmic 
microwave background (CMB) observations [9–12]. The deviation 
from scale invariance is parametrized by the scalar spectral index 
ns = 0.9666 ± 0.0062 (68% CL, Planck TT+lowP; CDM model with 
tensor) [11,12], and the upper bound on the tensor-to-scalar ratio 
becomes tighter and tighter, r < 0.07 (95% CL; Planck, BICEP2/Keck-
Array combined) [13] at the pivot scale k = 0.05 Mpc−1.
Meanwhile, there are many inﬂationary models predicting the 
observable values at the sweet spot of the Planck constraint con-
tour: the Starobinsky model [3] and Higgs inﬂation model with 
non-minimal coupling to gravity [14] are two notable examples, 
whose predictions are ns = 1 − 2/N and r = 12/N2 where N is 
the e-folding number. In these models, the approximate shift sym-
* Correspondence to: Asia Paciﬁc Center for Theoretical Physics, Pohang 37673, 
South Korea.
E-mail address: takahiro.terada@apctp.org.http://dx.doi.org/10.1016/j.physletb.2016.07.058
0370-2693/© 2016 The Author(s). Published by Elsevier B.V. This is an open access artic
SCOAP3.metry in terms of the canonical inﬂaton in the Einstein frame is 
originated from scale invariance in the Jordan frame action. Gen-
eralization of Higgs inﬂation is further studied under the name 
of universal attractor (also called ξ -attractor or induced inﬂa-
tion) [15–21]. The name “attractor” refers to the fact that this class 
of models predicts the same values for ns and r at the limit of 
strong coupling, ξ  1, irrespectively of an arbitrary function char-
acterizing the model. There is another branch of attractors called 
α-attractor [22–29], which generalizes conformal attractor [30], in-
timately related to the geometric properties of supergravity with 
Kähler manifold whose curvature is inversely proportional to the 
parameter α 1 [32,33]. This also predicts the same value for ns, 
and r is given by r = 12α/N2, in the small α limit and indepen-
dently of the details of the potential. In some cases, these models 
have another attractor point in the opposite limit α → ∞ or ξ → 0
where the prediction coincides with that of chaotic inﬂation [8]
with a quadratic potential [19,20,25]. This simply reﬂects the fact 
that expansion of generic potentials at the minimum starts from 
the quadratic term. This mechanism is called double attractor.
These attractors can be understood in a uniﬁed manner noticing 
the fact that their actions in the Einstein frame are characterized 
by a second order pole in the coeﬃcient of the inﬂaton kinetic 
term like −ap/(2(ϕ − ϕ0)p)(∂μϕ)2 with p = 2 where ϕ0 is the lo-
cation of the pole [34]. In fact, α-attractor and a part of ξ -attractor 
1 In a closely related formulation [31], (α − 1) can be interpreted as a parame-
ter measuring how much conformal symmetry is broken to scale symmetry in the 
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Upon canonical normalization, the inﬂaton ﬁeld is exponentially 
stretched out, and the potential becomes exponentially ﬂat. This 
can be viewed as an extreme case of running kinetic inﬂation [35,
36]. Remarkably, in the limit of small α, the spectral index is de-
termined solely by the order of the pole while the tensor-to-scalar 
ratio is also controlled by the residue of the pole [34]. Cases of 
higher order poles (p ≥ 2) and its relation to shift symmetry and 
its soft breaking was discussed in Ref. [37], where this paradigm 
was called pole inﬂation. These pole inﬂation models with p ≥ 2
have a plateau-type potential which asymptotes to a constant, and 
predict 1 − 2/N ≤ ns < 1 − 1/N in the attractor limit ap → 0. The 
other cases (p < 2) were brieﬂy mentioned in Refs. [34,37].
Inﬂationary attractors beyond the Einstein gravity are also stud-
ied in the literature. A duality relation between superconformal 
α-attractor and higher curvature supergravity was elaborated in 
Ref. [38]. An f (R) gravity generalization of the Starobinsky model 
as another inﬂationary attractor was discussed in Refs. [39,40]. In 
the Einstein frame, its form is of pole inﬂation with p = 2 + 
(||  1), but its scalar potential also has a pole of order (p −2)/2
and a logarithmic singularity. Its prediction of ns and r is close to 
that of chaotic inﬂation model with a linear potential.2 More gen-
eral orders of the pole in the potential were mentioned brieﬂy.
In this paper, we extend these studies of pole inﬂation and ob-
tain various inﬂationary potentials. First, we review pole inﬂation 
in Sec. 2 and demonstrate attractor behaviors of pole inﬂation with 
various pole orders p for the ﬁrst time for p 	= 2. This includes the 
so-called hilltop model [6,7,42] in the case of p < 2. In Sec. 3, we 
consider the case of ﬁrst order pole inﬂation (p = 1). As we will 
see, in a concrete setup, the ﬁrst order pole inﬂation includes vari-
ants of the natural inﬂation model [43,44]. We comment on the 
validity of the effective ﬁeld theories motivating the study of ad-
ditional poles either in the kinetic term or in the potential. We 
consider corrections from such additional poles to the inﬂation-
ary observables in Sec. 4. This generalizes the discussion on shift 
symmetry breaking in Ref. [37]. In Sec. 5, we consider presence of 
unsuppressed poles of arbitrary orders both in the kinetic term and 
the potential, and obtain monomial potentials for chaotic inﬂation. 
We show double attractor behavior of some examples and work 
out corrections to the inﬂationary observables for this case as well, 
generalizing the ﬁndings in Refs. [37,39]. These new inﬂationary 
attractor models are qualitatively different from the conventional 
attractors and pole inﬂation. In this paper, the reduced Planck unit 
is taken, c = h¯ = MP/
√
8π = 1.
2. Pole inﬂation and its attractor behavior
First, we review pole inﬂation [34,37] and list relevant formu-
lae. Let us begin with a Jordan frame Lagrangian with a non-
canonical scalar ﬁeld ϕ˜ ,
L=√−gJ [1
2
	J(ϕ˜)R J − 1
2
K J(ϕ˜)g
μν
J ∂μϕ˜∂νϕ˜ − V J(ϕ˜)
]
, (1)
where the subscript J denotes the Jordan frame variables. Applying 
the Weyl transformation, gJμν = 	−1J gEμν , it is expressed in terms 
of the Einstein frame variables up to a surface term,
L= √−gE
[
1
2
	E(ϕ˜)RE − 1
2
KE(ϕ˜)g
μν
E ∂μϕ˜∂νϕ˜ − VE(ϕ˜)
]
, (2)
where 	E(ϕ˜) ≡ 1, and
2 The attraction to the linear potential in the strong coupling limit may be a com-
mon property of generic theories with scale invariance broken by loop corrections 
(logarithmic functions). See e.g. Refs. [39,41].KE(ϕ˜) = K J(ϕ˜)
	J(ϕ˜)
+ 3	
′2
J (ϕ˜)
2	2J (ϕ˜)
, and
VE(ϕ˜) = V J(ϕ˜)
	2J (ϕ˜)
.
(3)
In the following, we focus on the Einstein frame and omit the grav-
ity part and the subscript E in the Lagrangian.
Suppose there is a point in the inﬂaton ﬁeld space where the 
kinetic term becomes singular. Redeﬁne the origin of the ﬁeld, 
ϕ˜ → ϕ = ϕ(ϕ˜), in such a way that the singular point coincides 
with the origin of the ﬁeld. At the point, we expand the kinetic 
term as a Laurent series. Expressing the order of the highest rele-
vant pole as p, the Lagrangian is given by(√−g)−1L= − ap
2ϕp
∂μϕ∂μϕ − V0
(
1− cϕ +O(ϕ2)
)
, (4)
where the potential is assumed to be regular at the origin and ex-
panded as a Taylor series. V0 is an overall coeﬃcient which can 
be used to ﬁt the amplitude of the curvature perturbation. The 
ﬁeld sign and normalization can be chosen in such a way that 
c = +1 in the potential, which implies inﬂation occurs in the side 
of ϕ > 0. We can recover the general case by replacing ap with 
apcp−2 in the following expressions. We assume ap > 0 to avoid 
the negative-norm state. Even if lower order poles coexist at the 
origin, their effects are subdominant near the origin, where inﬂa-
tion is supposed to occur, unless their coeﬃcients are too large.
Around the pole, the canonical inﬂaton φ is obtained as
φ =
⎧⎨⎩
2
√
ap
p−2 ϕ
− p−22 (p 	= 2),
−√ap logϕ (p = 2),
(5)
up to an integration constant. The canonical inﬂaton potential is 
therefore
V =
⎧⎨⎩V0
(
1−
(
p−2
2
√
ap
φ
)− 2p−2 + · · ·) (p 	= 2),
V0
(
1− e−φ/√ap + · · · ) (p = 2), (6)
where dots represent subdominant terms in the large ﬁeld region 
in terms of φ, which corresponds to the region near the pole of ϕ . 
The e-folding number in terms of the ﬁeld value is
N = ap
p − 1
(
1
ϕ
p−1
N
− 1
ϕ
p−1
end
)
(p 	= 1), (7)
where ϕN is the ﬁeld value corresponding to N e-foldings and 
ϕend = (2ap)
1
p is the ﬁeld value when inﬂation ends, i.e. the slow-
roll parameter  becomes one. The spectral index and tensor-to-
scalar ratio are calculated as [34]
ns =1− p
(p − 1)N , r =
8
ap
(
ap
(p − 1)N
) p
p−1
, (8)
for p 	= 1 at the lowest order in N−1. Note that ns is independent 
of ap at this order, and it is determined solely by the order of the 
pole p. On the other hand, r depends also on ap , but its depen-
dence becomes week in the large p limit.
We can in principle extend the deﬁnition of p into non-integer 
values, and consider the cases with p < 2 as well as p ≥ 2. For 
p ≥ 2, the place of the pole ϕ = 0 corresponds to φ → ∞ in terms 
of the canonical ﬁeld, but this becomes φ = 0 for 0 < p < 2. In 
the latter case, the inﬂaton rolls down on the hill to the negative 
side, φ < 0, and the hilltop inﬂation occurs there. This case is also 
an attractor in the sense that generic potentials are deformed into 
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tracted to eq. (8). The ﬁeld excursion during inﬂation is estimated 
as (cf. Ref. [45])
φ 
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
φN = 2p−2a
1
2(p−1)
p ((p − 1)N)
p−2
2(p−1) (p > 2),
√
ap log
(
1+
√
2
ap
N
)
(p = 2),
|φend| = 1√2(2−p) (2ap)
1
p (0 < p < 2).
(9)
Note that the dependence on ap is strongest in the last case, and 
it does not depend on a positive power of e-folding number. Thus, 
compared to the other cases, pole inﬂation with 0 < p < 2 tends to 
be (but not necessarily) small-ﬁeld inﬂation. For 0 < p < 1, eq. (7)
becomes N = ap1−p
(
ϕ
1−p
end − ϕ1−pN
)
 ap1−pϕ1−pend implying ns and r
depends weakly on ϕN . Taking ϕN → 0, we have ns → −∞ and 
r → 0, and we no more consider this case. The case p = 1 is sepa-
rately discussed in Sec. 3.
With the above formulae, we can constrain the value of p in the 
attractor limit ap → 0. Precise values of constraints depend sensi-
tively on the used data sets and assumptions. Using the one men-
tioned at the Introduction, ns = 0.9666 ± 0.0062, the constraints 
turn out to be3
2.02< p < 3.78 (68% CL,N = 50),
1.73< p < 2.58 (68% CL,N = 60),
1.78< p < 21.0 (95% CL,N = 50),
1.57< p < 4.85 (95% CL,N = 60).
In terms of the power n = −2/(p − 2) in the canonical potential, 
V − V0 ∝ φn (see eq. (6)), these constraints read
−98.0 < n < −1.13 (68% CL,N = 50),
n > 7.32, n < −3.43 (68% CL,N = 60),
n > 8.90, n < −0.105 (95% CL,N = 50),
n > 4.67, n < −0.703 (95% CL,N = 60).
Let us demonstrate the attractor behavior of pole inﬂation tak-
ing a monomial potential as a simplest yet illustrative example. In-
spired by the kinetic term of the superconformal α-attractor [24],
−K¯∂μ¯∂μ = −
3α(
1− ||2)2 ∂μ¯∂μ, (10)
which is derived from the Kähler potential K = −3α log(1 − ||2), 
consider the following model,(√−g)−1L= − ap
2(1− ϕ˜2)p ∂
μϕ˜∂μϕ˜ − λmϕ˜m. (11)
It has ﬁrst order poles at ϕ˜ = ±1. The potential has been taken 
as a monomial for simplicity. Taken at its face value, the poten-
tial becomes negative for odd m, but it should be assumed that it 
represents the approximate form of the potential where inﬂation 
happens (near ϕ˜ = 1). It is implicitly assumed that the potential 
near the origin (ϕ˜ < ϕ˜end) allows a stable minimum with an al-
most vanishing positive cosmological constant.
The canonical inﬂaton is given by a hypergeometric function, 
φ = √apϕ˜2F1
(
1
2 ,
p
2 ; 32 ; ϕ˜2
)
. We cannot explicitly invert this func-
tion for general p, but inﬂationary observables can be calculated 
3 The right hand side of the third constraint is weak because the observational 
constraint on ns is close to 0.98, while the predictions of pole inﬂation for N = 50
asymptotes to 0.98 in the limit p → ∞.Fig. 1. Attractor behavior of pole inﬂation in the linear and logarithmic scales. At 
the top of the Figures, lines start at the points of the predictions of the original 
monomial potentials (11) with power m = 1, 2, 3, 4, and 5 from right to left. At 
the bottom of the Figures, the horizontal values of these lines are attracted to the 
attractor values (8) for p = 3/2, 5/3, 7/4, 2, 3, 4, and 5 from left to right. Dots 
correspond to ap = 103, 102, and 10 from top to bottom in the top Figure and 
ap = 102, 10, 1, 10−2, 10−4, and 10−6 from top to bottom in the bottom Figure. 
The e-folding is set to N = 60. For the most right lines, we show up to a5 = 10−7. 
It goes below further in the limit a5 → 0.
in the basis of the original variable. The attractor behavior of this 
model for various p and m are shown in Fig. 1. Poles of different 
order constitute a series of inﬂationary attractors. Poles with p > 2
predict higher values of ns than that of α-attractor, and the max-
imum value is ns = 1 − 1/N for p → ∞. Poles with p < 2 predict 
lower values of ns. Interestingly, curves in Fig. 1 become narrow 
in the horizontal direction at an intermediate value of ap where r
is about 10−2 to 10−1. If this is to explain why the observational 
value of ns is what we see, the tensor mode will be detected in 
the near future by observation of CMB B-mode polarization. If the 
tensor mode is not found and constraints on ns become tighter, it 
will help us identify the order of the pole p.
3. First order pole inﬂation
We turn to the case of ﬁrst order pole inﬂation, i.e. p = 1. In 
this case, the canonical potential (6) is V = V0(1 −φ2/(4a1) +· · · ), 
and eq. (7) is replaced with
N = ap log
(
ϕend
ϕN
)
(p = 1). (12)
In this expression, one cannot neglect the contribution of ϕend. If 
the potential is exactly V = V0(1 −ϕ), then we have ϕend = 2ap=1, 
but this may be easily modiﬁed by higher order terms in ϕ . In 
this sense, the ﬁrst order pole inﬂation is less universal (more 
model-dependent) than the other cases. The slow-roll parameters 
are expressed as  = ϕend2a1 e−N/a1 and η = − 12a1 , so the inﬂationary 
observables are expressed as
ns =1− 1
a1
, r =16
(
ϕend
2a1
)
e−N/a1 , (13)
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The power m is taken as m = 5, 4, 3, 2, 1, 2/3, and 1/2 from top to bottom. 
The m = 2 case (blue line) corresponds to natural inﬂation. The dots on the lines 
correspond to a1 = 103 (upper right) and 102 (lower left). The e-folding is set 
to N = 60. The light green lines are the 1 and 2 sigma contours of the Planck 
TT+lowP+BKP+lensing+BAO+JLA+H0 constraint taken from Fig. 21 of Ref. [11]. (For 
interpretation of the references to color in this ﬁgure, the reader is referred to the 
web version of this article.)
at the lowest order of e−N/a1 . Similarly to the case of 0 < p < 1, 
the attractor values of these observables are ns → −∞ and r → 0. 
As we will see, however, ﬁrst order pole inﬂation can be consistent 
with observation for intermediate values of the attractor parame-
ter a1.
As a concrete example, consider the model (11) with p = 1. 
The canonical inﬂaton φ is related to the original one by ϕ˜ =
sin(φ/
√
a1). In terms of the canonical ﬁeld, eq. (11) with p = 1
becomes(√−g)−1L= −1
2
∂μφ∂μφ − λm sinm
(
φ√
a1
)
. (14)
Thus, the canonical potential is given by a power of the sinusoidal 
function. This is a generalization of the natural inﬂation potential, 
V = V0(1 − cos(φ/ f )) = 2V0 sin2(φ/2 f ). The spectral index and 
tensor-to-scalar ratio are derived as
ns =
(−2m3 − 4ma1 +m2a1 + 2a21)− 2a1 (m2 + a1) e−2mN/a1
a1
((
m2 + 2a1
)− 2a1e−2mN/a1) ,
(15)
r = 16m
2e−2mN/a1(
m2 + 2a1
)− 2a1e−2mN/a1 . (16)
These are plotted in Fig. 2. One of the simple cases, m = 1, has a 
parameter range well consistent with the observation. Two cases 
with fractional power are also shown for illustration, and they are 
also consistent with the observation.
Note that the attractor parameter a1 can be identiﬁed with the 
square of the decay constant of natural inﬂation type models.4 In 
this model, it controls not only the tensor-to-scalar ratio but also 
signiﬁcantly controls the value of the spectral index, see Fig. 2.
4. Effects of other poles in the Lagrangian
For pole inﬂation with p ≥ 2, the place of the pole becomes in-
ﬁnitely far from the vacuum in terms of the canonical ﬁeld. This 
makes a vast inﬂationary plateau, or in other words, an approxi-
mate shift symmetry emerges. For p < 2, the place of the pole is 
in a ﬁnite distance from the vacuum. This raises a possibility that 
the inﬂaton goes into the region where the sign or phase of the 
4 This notion is due to M. Scalisi though his idea was not in the context of ﬁrst 
order pole inﬂation.kinetic term of the original ﬁeld becomes unphysical. Beyond the 
pole, we cannot say anything and this point is the boundary of the 
validity of our effective ﬁeld theory. A similar situation was en-
countered in Ref. [23]. Although inﬂation occurs within the valid 
region and eternal inﬂation can occur, it may be diﬃcult to pro-
vide a proper initial condition for inﬂation without entering such 
an unphysical region. We may expect something unusual happens 
near the boundary of the effective theory, namely near the loca-
tion of the pole. We parametrize our ignorance by corrections to 
the canonical inﬂaton potential which grows toward the location of 
the pole. Such corrections can be expressed in terms of the origi-
nal ﬁeld as a pole of order t in the potential or another pole in the 
kinetic term whose order q is larger than p,5
(√−g)−1L= −1
2
(
ap
ϕp
+ aq
ϕq
)
∂μϕ∂μϕ
− V0
(
bt
ϕt
+ 1− ϕ +O(ϕ2)
)
. (17)
Similarly to Sec. 2, the general case with the coeﬃcient c of the 
linear potential can be recovered by ap → apcp−2, aq → aqcq−2, 
and bt → btct . The higher order pole in the kinetic term for p ≥ 2
can be interpreted as a source of shift symmetry breaking for the 
canonical inﬂaton potential [37]. In addition to that, we take into 
account possible poles in the potential term.
We assume that during last 50 to 60 e-foldings in which 
our observable cosmological scales exit the horizon, the effect 
of higher order pole is subdominant to the original p-th order 
pole, i.e. |aq/ϕq|  |ap/ϕp|. We also require the pole in the po-
tential is subdominant compared to the constant contribution, i.e.
|bt/ϕt |  1. Thus, we treat aq and bt perturbatively. The corrected 
spectral index and tensor-to-scalar ratio are
ns =ns, 0 + δkinns + δpotns, r =r0 + δkinr + δpotr, (18)
where ns, 0 and r0 are given by eq. (8). Up to the ﬁrst order, the 
correction from the q-th order pole in the kinetic term is [37]
δkinns = − (q − p)(q − p − 1)aq
(q − 1)a2p
(
p − 1
ap
N
) q−2p+1
p−1
, (19)
δkinr = −8(q − p − 1)aq
(q − 1)a2p
(
p − 1
ap
N
) q−2p
p−1
. (20)
The correction from the t-th order pole in the potential is
δpotns = t(t + 1)(p + 2t)bt
(p + t)ap
(
p − 1
ap
N
) t−p+2
p−1
, (21)
δpotr = 8t(p + 2t)bt
(p + t)ap
(
p − 1
ap
N
) t−p+1
p−1
. (22)
Note that even if there is a pole in the potential (t ≥ 1), ns and r do 
not receive corrections of positive power of the e-folding number 
N if t ≤ p − 2. This happens only for p ≥ 3. Thus, if the order of 
the pole in the kinetic term is suﬃciently higher than the order of 
the pole in the potential, the effect of the latter on the observables 
is small.
When p = 2, corresponding to α-attractor, eqs. (19) and (20)
become [37]
5 Up to the ﬁrst order of aq and bt , these effects are equivalent just depending 
on the choice of the ﬁeld basis [46].
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(q − 1)aq−1p=2
Nq−3, (23)
δkinr = − 8(q − 3)aq
(q − 1)aq−2p=2
Nq−4. (24)
Similarly, eqs. (21) and (22) for p = 2 become
δpotns = 2t(t + 1)
2bt
(t + 2)at+1p=2
Nt, (25)
δpotr = 16t(t + 1)bt
(t + 2)atp=2
Nt−1. (26)
In the case of ﬁrst order pole inﬂation (p = 1), the counterparts 
are
δkinns = − (q − 2)aq
a2p=1
(
eN/ap=1
ϕend
)q−1
, (27)
δkinr = − 8(q − 2)aq
(q − 1)a2p=1
(
eN/ap=1
ϕend
)q−2
, (28)
and
δpotns = t(2t + 1)bt
ap=1
(
eN/ap=1
ϕend
)t+1
, (29)
δpotr = 8t(2t + 1)bt
(t + 1)ap=1
(
eN/ap=1
ϕend
)t
. (30)
One can see that the ﬁrst order pole inﬂation is sensitive to the 
corrections. Namely, these corrections depend exponentially on the 
e-folding number.
5. Pole inﬂation with a singular potential
In the above, we have seen that a pole in the kinetic term 
whose order is high enough makes the effects of a pole in the 
potential small. We extend this further and consider a potential 
which mainly consists of a singular part.6 That is, bt/ϕt term is no 
longer perturbation, but it is the main part of the potential,(√−g)−1L= − ap
2ϕp
∂μϕ∂μϕ − C
ϕs
(1+O(ϕ)) , (31)
where C is an overall constant of the potential, and s(> 0) denotes 
the order of the strongest pole in the potential relevant during 
inﬂation for the observable scales.
The canonical potential is
V =
⎧⎨⎩C
(
p−2
2
√
ap
φ
) 2s
p−2 + · · · (p 	= 2),
Cesφ/
√
ap + · · · (p = 2).
(32)
Thus, for p 	= 2, we obtain an effectively monomial potential for 
chaotic inﬂation. For example, if we take s = 1, then p = 3, 4, 
6 If the Jordan frame function 	J is responsible for the pole of the kinetic term, 
it has also a pole in the potential, see eq. (3). Even if 	−1J does not have a pole, 
presence of poles both in the kinetic and potential terms is naturally obtained in 
supergravity because the poles in the kinetic term are originated from Kähler po-
tential, and it also controls both F -term and D-term potentials. (The author thanks 
K. Nakayama for pointing this out.) Without tuning of superpotential, poles in the 
potential are generically expected when the kinetic term has poles. For example, 
a simple D-term model (3.1) in Ref. [46] has second order poles both in 	′2J and 
V J (and hence in KE and VE). Also, removing the ad hoc factor (3 − 2)(3α−1)/2
from the superpotential of the superconformal α-attractor (F -term model) leads to 
a (3α − 1)-th order pole in the potential, see eq. (4.3) of Ref. [24].and 5 lead to canonical potentials with power 2, 1, and 2/3, re-
spectively. Higher order poles in the kinetic term result in smaller 
fractional power of the canonical potential. Note also that the pres-
ence of a pole in the potential in the case of α-attractor (p = 2) 
results in an exponential function whose exponent depends on the 
order of the pole s as well as the attractor parameter ap=2 = 3α/2. 
It leads to power-law inﬂation [47,48], but it has been excluded. 
Also, we do not consider the case p < 2 in this section since it 
does not lead to a suitable inﬂaton potential. The relation between 
the ﬁeld and the e-folding is now
N = ap
s(p − 2)
(
1
ϕ
p−2
N
− 1
ϕ
p−2
end
)
. (33)
The spectral index and tensor-to-scalar ratio in the attractor limit 
(ap → 0) are
ns =1− p + s − 2
(p − 2)N , r =
8s
(p − 2)N . (34)
These results are consistent with Ref. [39], and taking s = (p −2)/2
reproduces one of their main results, r = 8(1 − ns)/3.
If we increase ap , the relative importance between terms of dif-
ferent power changes, and terms represented by dots in eq. (32)
become important. In such a case, the inﬂaton potential becomes 
a polynomial. Choosing parameter values properly, polynomial 
chaotic inﬂation can ﬁt the observational data well [49–51].
We emphasize that the Lagrangian (31) leading to eq. (34) is 
also an attractor. To see this explicitly, consider the following ex-
ample,(√−g)−1L= −1
2
a4
(1− ϕ˜2)4 ∂
μϕ˜∂μϕ˜
− C
(
2ϕ˜2
1− ϕ˜2 + V˜ (ϕ˜)
)
, (35)
where C is an overall coeﬃcient, and V˜ (ϕ˜) is a some function reg-
ular in −1 ≤ ϕ˜ ≤ 1. In this model, there are fourth order poles 
(p = 4) at ϕ˜ = ±1 in the kinetic term and ﬁrst order pole (s = 1) 
at the same positions in the potential, so the linear potential for 
the canonical ﬁeld is obtained at the attractor limit. The attractor 
behavior of this model with V˜ (ϕ˜) = 0, c2ϕ˜2, and c4ϕ˜4 is shown in 
Fig. 3. It is seen that all lines converge at the attractor point (34)
for a4 → 0. At the opposite limit, a4  1, all the lines are attracted 
to the prediction of the quadratic potential. This is a realization of 
the double attractor mechanism [19,20,25]. It should be stressed 
that the chaotic inﬂation limit in eq. (34) has nothing to do with 
chaotic inﬂation limit in Ref. [20], which is instead related to the 
opposite (quadratic model) limit in Fig. 3.
Note that there is no global (approximate) shift symmetry in 
terms of the canonical ﬁeld φ in eq. (32) which would protect 
ﬂatness of the canonical potential. It implies that there is no cor-
responding symmetry for ϕ . Then, it is likely that there are addi-
tional poles in the Lagrangian which have non-negligible effects. 
We can calculate corrections to eq. (34) whose origin is a higher 
order pole either in the kinetic term or in the potential. Consider 
the following Lagrangian,(√−g)−1L= −1
2
(
ap
ϕp
+ aq
ϕq
)
∂μϕ∂μϕ
− C
ϕs
(
bt
ϕt
+ 1+O(ϕ)
)
. (36)
Similarly to the previous case, we consider the situation in which 
|aq/ϕq|  |ap/ϕp| and |bt/ϕt |  1 are satisﬁed, and these small 
quantities are treated perturbatively. The corrections are,
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with c2 = 30 (light color, short curve) and 100 (deep color, long curve) and c4 = 10
(short) and 30 (long). In the small a4 limit, the predictions converge at the point of 
linear potential, and at the large a4 limit, they are attracted to the point of quadratic 
potential (the double attractor). The dots on the gray and cyan lines correspond 
to a4 = 1, 10, 102, and 103, whereas the dots on the magenta lines correspond to 
a4 = 10, 102, 103, and 104. The e-folding is set to N = 60. The Planck contours are 
same as those in Fig. 2. (For interpretation of the references to color in this ﬁgure, 
the reader is referred to the web version of this article.)
δkinns = − s(q − p)(q − p − s)aq
(q − 2)a2p
(
s(p − 2)
ap
N
) q−2p+2
p−2
, (37)
δkinr = −8s
2(q − p)aq
(q − 2)a2p
(
s(p − 2)
ap
N
) q−2p+2
p−2
, (38)
and
δpotns = t(t − s)(p + 2t − 2)bt
(p + t − 2)ap
(
s(p − 2)
ap
N
) t−p+2
p−2
, (39)
δpotr = 8st(p + 2t − 2)bt
(p + t − 2)ap
(
s(p − 2)
ap
N
) t−p+2
p−2
. (40)
In general, these corrections may not be small since there is no 
symmetry for ϕ as mentioned above. In this sense, the inﬂationary 
attractors with a monomial potential for chaotic inﬂation is less 
universal than the plateau type attractors such as α-attractor. This 
is similar for the case of p < 2 with or without a pole in the po-
tential. For such cases, locally ﬂat canonical potentials suitable for 
slow-roll inﬂation and their underlying pole structures in the orig-
inal ﬁeld ϕ are viewed as accidental ones, which may be justiﬁed 
by anthropic arguments.
6. Conclusion
Inﬂationary attractors or pole inﬂation is an interesting mecha-
nism which universally leads to inﬂationary observables consistent 
with the cosmological data. We explicitly demonstrate the attrac-
tor behavior of pole inﬂation with various pole orders p taking a 
monomial potential in the original variable as a simple example. 
We ﬁnd that the ﬁrst order pole inﬂation can lead to variants of 
natural inﬂation. This may depend on the global structure of poles 
in the original kinetic term. The decay constant of the natural in-
ﬂation model can be identiﬁed as the square root of the attractor 
parameter, which is the residue of the pole. We discussed the is-
sue of the initial conditions and validity of the effective theory, 
and considered the effects of terms growing toward the boundary 
of the theory, namely additional poles. These poles may be either 
in the kinetic term or in the potential. The corrections from these 
terms to the inﬂationary observables (ns, r) have been calculated. 
Moreover, we explored the possibility that inﬂation happens on a singular potential. This leads to the inﬂationary attractors whose 
canonical potential is a monomial potential. Thus, the notion of in-
ﬂationary attractors and pole inﬂation are generalized to include 
the sinusoidal attractor, the power-law attractor, and the chaotic at-
tractors in addition to the hilltop or plateau attractors. Note that 
most of universality classes of inﬂation [52–54] can be realized in 
the context of pole inﬂation. This will deepen our understanding 
of inﬂationary models and mechanisms of inﬂationary attractors. 
It will be interesting to explore formulation in theories with non-
minimal coupling to gravity and possible connections to ultravio-
let theories. Some basic analyses in these lines can be found in 
Refs. [37,39].
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